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ABSTRACT

A subset S of V is said to be dominating set in G if every vertex in V — S is adjacent to
at least one vertex in S. A set S € V is said to be relatively prime dominating set if it is a
dominating set with at least two elements and for every pair of vertices u and v in S such that
(d(u),d(v)) =1 where d is the degree of the vertex. The minimum cardinality of a
relatively prime dominating set is called relatively prime domination number and it is
denoted by y,,4(G). If there is no such pair exist, then y,.,,(G) = 0. This article focuses on
exploring the relatively prime domination number within the context of the power of the
coconut tree graph, denoted as CT(mm,n). The discussion reveals that for the coconut tree
graph CT(m,n), the relatively prime domination number, denoted as y,,q(CT(m,n)),

assumes values of 0, 2, or 3. Additionally, the article describes the computation of the
relatively prime domination number for the power of coconut tree graph using the Python
programming language.

Keywords: Dominating Set, Domination Number, Relatively Prime Dominating Set,
Relatively Prime Domination Number

1 Introduction

By a graph G = (V, E) we mean a finite undirected graph without loops and multiple
edges. The order and size of G are denoted by p and q respectively. For graph theoretical
terms, we refer to Harary [1] and for terms related to domination we refer to Haynes [2]. A
subset S of V is said to be a dominating set in G if every vertex in V- S is adjacent to at least
one vertex in S. The domination number y(G) is the minimum cardinality of a dominating set
in G. Berge [3] and Ore [4] formulated the concept of domination in graphs. It was further
extended to define many other dominations related parameters in graphs. In 2017, C.
Jayasekaran and A. Jancy Vini [5] have introduced the concept of relatively prime
domination number in graph theory. Let G be a non — trivial graph. A set S <V is said to be
a relatively prime dominating set if it is a dominating set and for every pair of vertices u and
v in S such that (d(u), d(v)) = 1. The minimum cardinality of a relatively prime dominating
set is called the relatively prime domination number and it is denoted by vy _,(G). A Coconut
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Tree CT (m, n) is the graph obtained from the path P, by appending m new pendent edges at
an end vertex of P,. The k™ power G* of an undirected graph G is a graph that has the same
set of vertices, but in which two vertices are adjacent when their distance in G is at most k. In
this paper we determine the relatively prime domination number for power of coconut tree
graph when m = 2,3. In order to find the relatively prime domination number, we must
know the degree of each vertex in the graph. The following results exhibit the degree of
vertices in the coconut tree graph and power of coconut tree graph.
2 Distribution of Degree of Vertices
2.1 Coconut Tree Graph

We shall now discuss the distribution of degree of vertices in the Coconut Tree graph.
Here, we give name to the end vertex of pendent edges as v,, v, ...., 1,,, and the vertices of
the path as uy, u,, ...., u,. All the end vertices vy, v,, ...., v, U, have degree one, the vertex
u, which is adjacent to all m vertices and u,, so that u,have degree (m + 1) and all other
vertices u,, us, ..., u,_, have degree two.

For example, consider the coconut tree graph given below
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Figure 1

Here, vy,v,,v3,v4,u; have degree one, u;,; have degree five, and all other vertices
u,, us, ..., Ug have degree two.
2.2 Power of Coconut Tree Graph

The power of the Coconut Tree graph follows a different distribution of degrees.
Now, let us assume the power of the Coconut Tree be p. The vertices v,,v,,...., v, have
degree m +p — 1 since each vertex v, is adjacent to all other v,,_; vertices and also
adjacent to p vertices of P,. When n > 2p, the vertex u, is adjacent to each v,, vertices and
to p vertices of P, so that the degree of u, is m + p. Similar to u, the vertex u, is adjacent to
m + p vertices and also to u,. Therefore, the degree of u, ism + p + 1. Proceeding like this
till u, we have deg(u;) =m+p+ (i —1)wherel <i <p.

When n = p + 1, the vertices uy, u,, ..., u, have the same degree m + p. Each vertex

u; where i=1,2,....p is adjacent to every other vertices of the path since the distance between
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them is at most p. The remaining vertex u,, have degree p since it is adjacent to p vertices to
the left.

Whenn =p +i where 2 <i < p — 1, the vertices u;, u;,4, ..., u, have same degree
m+p + (i — 1) for the graph with n = p + i since the number of vertices to the right of
each vertex is decreasing by 1 when i increasing. The vertex u, is adjacent to each v,
vertices and to p vertices of B, so that the degree of u, is m + p. Similar to u,, the vertex u,
is adjacent to m + p vertices and also to u,. Therefore, the degree of u, is m+p +
1. Proceeding like this till u;_, we have deg(u;) =m+p+ (j — 1) where 1 < j < (i — 1).

These conditions follow until u, because the vertices v, v,, ...., vy, are adjacent to
uf,h vertex of B,. And the remaining vertices of the graph with n = 2p, up4q, Upy2, o) Un—p
have degree 2p since each vertex covers p vertices on each side of it in the path B,. For the
graph with n=p+1 and n=p +1i, where 2<i<p—1 have no vertices of degree
2p, since n < 2p and the remaining vertices u, where n—p+1 <k <n has deg(u;) =
2p—lwhere1 <[ <p.

Theorem 2.1. For any CT (m, n) graph y,,4 (CT(m,n)?) = 0if 2 <n < p where p > 2.
Proof: Let G be a CT(m,n)P graph. As the power of G is a complete graph, the degree of
each vertex is the same.

i.e.) Degree of each vertex is m+n-1. Hence a relatively prime dominating set does not exist.
 Yrpa((CT(m,m))P) = 0if 2 <n <p.

3 Relatively Prime Domination Number on Power of Coconut Tree Graph when m = 2

This section covers the relatively prime domination number on power of coconut tree
graphs when the number of pendant edges is 2. The relatively prime domination number for
such graphs will be 2 or 3 or 0.

Theorem 3.1. For any Coconut Tree CT(2,n) graph,

Vrpa((CT(2,m))") = 2if p+1<n <4p+1wherep > 2.
Proof: Let G be a Coconut Tree (CT(Z, n))p graph. We shall prove this by two cases.
Casel: p+1<n<2pwherep =2

As the graph G has p + i + 2 vertices and u, has degree p + i + 1 where 1 < i < p,
the vertex u,, covers all the vertices of G. Since the relatively prime dominating set contains

at least two vertices. We proceed by two cases,
Subcase1.l:n=p+1

We choose two vertices u, and v; where i = 1 or 2.
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~{uy,, v;} is a dominating set of G.

Since (d(up), d(vi)) = (p +2,p + 1) = 1, the relatively prime dominating set is {u,, v;}

and hence y,pa ((CT(2,1))7) = 2.
Subcase1.2:p+2<n<2p
We choose two vertices u,, and u,_; where i=p-1, p-2, .....,2,1 for the graph with

n=p+2,p+3,....2p respectively.
~{up, u,_;} is a dominating set of G.

Since (d(up),d(up_i)) =(+1+j,p+j)=1 where 2 <j <p, the relatively prime

dominating set is {u,, u,_;} and hence y,,q ((CT(2,n))") = 2
Case2:2p+1<n<4p+1
As the graph (CT(2,n))P has n + 2 vertices and the vertex u,, has degree 2p + 1, the

VertexX u,, COVErs vy, Uy, Uy, Uy, wuv) Up—1, Ups1, v, Ugp. SINCE N = 2p + i Where 1 <1< 2p +
1, the graph has i vertices remaining and the vertex u,_, has degree 2p. The vertex u,_,
covers all the remaining i vertices.

~{uy, uy_p} is a dominating set of G.
Since (d(up),d(un_p)) = ((2p + 1), (2p)) = 1, the relatively prime dominating set is
{u,, un_p} and hence y,,4((CT(2,1))") = 2.
Theorem 3.2. For any CT(2,n) graph, yrpd((CT(Z,n))p) =3if4p+2<n<é6p+1

wherep > 2.
Proof: As the graph (CT(2,n))P has n + 2 vertices and the vertex u,, has degree 2p + 1, the

VerteX up COVEIS Uy, Uy, Uy, Uy, wov, Up—1, Upt1, - Ugp. SINCE = 2p + i Where 2p +2 < i <
4p + 1, the graph has i vertices remaining and the vertex us,,, has degree 2p. The vertex
Usp41 COVEIS Uppyyq, ey Usp, Usptns ey Uapi1. SINCE M = 4p + 1+ j, where 1 < j < 2p, the
graph has remaining j vertices and the vertex u,,_,, has degree 2p — 1. The vertex u,_,1
covers the remaining vertices j.

{Up, Usp41, Un—p+1} IS @ dOminating set.
since (d(u), d(n—ps1)) = (2P +1),@p - 1) = 1,
(d(wp), d(uzps1)) = (@p + D, @p)) = 1, (d(tgpsr), d(ttn-ps1) ) = (@P), 2p — 1)) =
1, (d(up), d(uzps1), d(un_p+1)) = 1, the relatively prime dominating set is
{upr U3p+1s un—p+1}-

p
~¥rpa((CT(2,0))") = 3.

Theorem 3.3. For any CT(2, 1) graph, ¥,pq((CT(2,n))") = 0if n > 6p + 2 where p > 2.
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Proof: Let G be a (CT(2,n))" graph. By theorem 3.2, 6p + 1 vertices are covered using
Up, Usp+1, Un—p+1 VErtices. But to cover the remaining vertices, we have to choose a vertex u;
of degree 2p where 3p+2 <i<n—p. Then, (d(usp+1),d(u;)) = (2p), (2p)) # 1.
Relatively prime dominating set does not exist.
yrpd((CT(Z,n))p) =0ifn>6p+ 2.
4 Relatively Prime Domination Number on Power of Coconut Tree Graph when m = 3
This section covers the relatively prime domination number on power of coconut tree
graphs when the number of pendant edges is 3. The relatively prime domination number for
such graphs will be 2 or 3 or 0.
Theorem 4.1. For any Coconut Tree CT(3,n) graph, y,,q4((CT(3,m))’) =2ifp+1<n <
4p where p > 2.
Proof: Let G be the (CT(3,n))" graph. We shall prove this by two cases.
Casel:p+1<n<2pwherep > 2
As the graph G has p + i + 3 vertices and u,, has degree p + i + 2 where 1 <i < p,

the vertex up covers all the vertices of G. Since the relatively prime dominating set contains
at least two vertices. We proceed by two cases,
Subcase1.l:n=p+1

We choose two vertices u, and v; where i = 1,2, 3.

~{u,, v;} is a dominating set of G.
Since (d(up), d(vi)) = (p + 3,p + 2) = 1, the relatively prime dominating set is {u,, v;}

and hence ¥,pq ((CT(3,1))7) = 2.
Subcase1.2:p+2<n<2p
We choose two vertices u,, and u,,_; where i=p-1, p-2, .....,2,1 for the graph with
n=p+2,p+3,....2p respectively.
~{uy, u,_;} is a dominating set of G.

Since (d(up),d(up_i)) =(+j+2,p+j+1)=1 where 2 <j <p, the relatively prime

dominating set is {u,, u,_;} and hence y,,q((CT(3,n))") = 2
Case2:2p+1<n<4pwherep > 2
As the graph G has 2p + i + 3 vertices where 1 < i < 2p and the vertex u,_; has

degree 2p + 1, the vertex u,_; COVErS vy, Uy, U3, Uy, Uy, v, Up—2, Up, «vn v, Ugp—1. SINCE T =
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2p +j — 1 where 2 < j < 2p + 1, the graph has j vertices remaining and the vertex u,,_,, has
degree 2p. The vertex u,_,, covers all the remaining j vertices.

“ {Up—_1, Un_p} is the dominating set of G.
Since (d(up_l),d(un_p)) = ((2p + 1), (2p)) = 1, the relatively prime dominating set is

{up—lfun—p}'
 Vrpa((CTB,M)’) = 21if 2p+1 < n < 4p where p > 2
Theorem 4.2. For any CT(3,n) graph, ¥,,q((CT(3,n))") = 3 if 4p + 1 < n < 6p where
p =2
Proof: Let G be a (CT(B,n))p graph. As the graph G has 4p + i + 3 verticeswhere 1 < i <

2p and the wvertex wu, ; has degree 2p+1, the wvertex w,_; covers
V1, Vg, V3, Ug, Uz, weeey Up_2, Up, woe, Upp—q. SINCE = 2p +j — 1 Where 2 < j < 2p + 1, the
graph has j vertices remaining and the vertex usz, has degree 2p. The vertex us, covers
Upp) Upp+1s -+ » Usp—1) Uspt1s s Uap + OINCE = 4p + k Where 1 < k < 2p, the graph has k
vertices remaining and the vertex u,_,,, has degree 2p — 1.

“ Un_p+1 COVer all the remaining k vertices.

Hence, {u,_1, Uzp, Un—p+1} IS @ dominating set.
since (d(up-1), d(tn_ps1)) = (@p+1),2p - D) =1,
(d(up-1),d(uzp)) = (@p +1),2p)) = 1, (d(usp), d(tn—p+1) ) = (2p), (20 — 1) = 1
(d(up+1), d(usp), d(un_p+1)) =1, the relatively prime dominating set s
{up-1, Uzp, Un—p+1}-

 Vrpa((CT(,m)’) = 3if 4p + 1 < n < 6p where p = 2.
Theorem 4.3. For any CT(3,1) graph, ¥,pq((CT(3,n))") = 0if n > 6p + 1 where p > 2.

Proof: Let G be a (CT(3, n))p graph. By theorem 4.2, 6p vertices are covered using
Up, Uzp+1, Un—p+1 VErtices. But to cover the remaining vertices, we have to choose a vertex u;

of degree 2p, where3p+2 <i <n-—p.

Then, (d(uszp+1), d(w;) ) = ((2p), (2p))) # 1. Hence relatively prime dominating set does
14

not exist. - y,,a((CT(3,m))") = 0ifn = 6p + 1.
5 Python Program to Determine the Relatively Prime Domination Number on Power of
Coconut Tree Graph

Based on the theorems in the previous sections, here is the python program to find the

relatively prime domination number in power of coconut tree graph and to draw the graph.
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The function CT(m,n,p) takes three value m, n, p which denotes number of pendent edges,
number of vertices of the path and power of the graph(like 2,....).
Function Input
import math
import networkx as nx
import matplotlib.pyplot as plt
def CT(m,n,p):
#to draw the graph
G = nx.star_graph(m)
P = nx.path_graph(n-1)
CT=nx.disjoint_union(G,P)
CT.add_edge(0,m+1)
#get the power of CT
power_CT=nx.power(CT,p)
F=power_CT
nx.draw_spring(power_CT,with_labels=True)
plt.show()
#to find the relatively prime domination number from the theorems
if p>1:
if m==2:
if ((p+1)<=n<=((4*p)+1)):
print("Relatively prime domination number of the resultant graph is 2")
elif (((4*p)+2)<=n<=((6*p)+1)):
print("Relatively prime domination number of the resultant graph is 3")
else:
print("Relatively prime domination number of the resultant graph is 0")
elif m==3:
if ((p+1)<=n<=4*p):
print("Relatively prime domination number of the resultant graph is 2")
elif (((4*p)+1)<=n<=6*p):
print("Relatively prime domination number of the resultant graph is 3")
else:

print("Relatively prime domination number of the resultant graph is 0")
else:

print("Give another graph with m = 2 or 3")
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else:
print("Give another value for p (p>1) to find the relatively prime domination number")
Output of few graphs
1. For the graph (CT(2,4)) 2
Input: CT(2,4,2)
Output:

Relatively prime domination number of the resultant graph is 2
2. For the graph (CT(3,29))”
Input: CT(3,29,7)

Output:

Relatively prime domination number of the resultant graph is 3
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